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FUZZY NUMBER THEORY
T. S. R. Fuad
Abstract. If Axiomatic Fuzzy Sets were being defined, then it must be based on
Axiomatic Zermelo Frankle Set Theory with another possible ”elementwise” mea-
sure 1
2
. The tautologies (to express various possible expressions of the ZF axioms)
and ”midterm-values” should be valid, which is not the case. Hence fuzzy numbers
are being defined in another setting.
1. INTRODUCTION
Sets begin with symbols, letters etc. with verb ”is a member of”,
∈ (a, b) = a ∈ b,
which means a is a member of b, [1]. Formulas are given value 0, 12 , or 1
to state whether the formula is false, fuzzy true, or true in a model. The
semantics of axiomatic fuzzy set theory refers to a model, and formulas will
be given value based on the table of propositions which contains
P,Q,¬(P ), (P ) ∨ (Q), (P ) ∧ (Q), (P )→ (Q), (P )↔ (Q)
so that the ”common” midvalue theorem and tautologies are still valid
(based on ¬(12) = 12 , 0, or1). This definition of ¬12 are still up to now satis-
fying the intermediate value theorem based on ¬¬1 = 1, and ¬¬0 = 0, but
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only ¬12 = 12 satisfies ¬¬A = A. If one try to toss out this tautology(which
is possible in view of the ZF axioms, by replacing this with ¬¬1 = 1, and
¬¬0 = 0), one have:
Theorem: Fuzzy set theory could not be an axiomatic Zemelo Frankle
which respects the tautologies and ”midterm values.”
Proof. The least fuzzy set theory which is not the set theory includes 12 .
Case(i) ¬12 = 0. Consider 1→ 1 and 0→ 0, both have value 1. Hence 12 → 12
has to be 1 by the intermediate value theorem. But ¬12∨ 12 has value 12 which
contradicts the tautology
p→ q = ¬(p) ∨ q.
Case(ii) ¬12 = 12 . Consider The same case as above, we will get an absurdity.
Case(iii) ¬12 = 1. Consider the negation of case (i), clearly this contradicts
the tautology
¬(p→ q) = p ∧ ¬(q).QED.
2.MIDVALUES FUZZY SET THEORY
One way to define fuzzy set theory based on Zermelo Frankle axioms is to
toss out all the tautologies and be based purely on midvalues. For example
since ¬0 = 1 and ¬1 = 0, one have ¬12 = 12 . Other midvalues derived
expressions are:
(i) 0→ 1 = 1, 1→ 1 = 1, then 12 → 1 = 1.
(ii) 0→ 0 = 1, 1→ 1 = 1, then 12 → 12 = 1.
(iii) 0→ 0 = 1, 1→ 0 = 0, then 12 → 0 = 12 .
(iv) 0→ 1 = 1, 0→ 0 = 1, then 0→ 12 = 1.
(v) 1→ 0 = 0, 1→ 1 = 1, then 1→ 12 = 12 .
Since the midvalues fact hold for ∨ and ∧, no further declarations are
needed for these two.
However for biimplications, really strange things could happened.
1
2
↔ 1 = 1
2
,
1
2
↔ 1
2
= 1,
1
2
↔ 0 = 1
2
, 0↔ 1
2
=
1
2
, 1↔ 1
2
=
1
2
.
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With all these facts in hand, the axioms of Zermelo Frankle could now
become fuzzy, called fuzzy ZF. These includes the fuzzy sum of sets axiom,
the fuzzy power set axiom, the fuzzy extension axiom, the fuzzy choice
set axiom, the fuzzy scheme of replacement axiom and the fuzzy inductive
axiom. The drawbacks are that the axioms (as they were written) doesnot
respect most of the tautologies. Hence various authors which in the original
ZF axiom write the axioms alternatively (Based on tautology in ZF model)
will get ”perhaps” other fuzzy axioms.
3. FUZZY ARITHMETIC
Fuzzy numbers, if defined based on the inductive axiom does not behave
nicely. For example the commutative law for addition of numbers do not
generalize to fuzzy numbers. One way to avoid this matter is to take par-
ticular fuzzy numbers with relying on a stronger form of fuzzy inductive
axiom.
Fuzzy numbers are of the form
(n, f) = ({0, 1, 2, · · · , n− 1}, f),
with each member has membership value
f(i) ∈ {1
2
, 1}, i = 0, 1, · · ·n− 1,
and
∀i ∈ {0, 2, · · ·n− 2}, f(i+ 1) ≤ f(i).
Clearly,
(n, f) + 0 = (n, f).
The fuzzy successor function is defined as follows: (n, f)(+,h) = (n + 1, g),
where g(0) = h, and g(i) = f(i−1), for i = 1, · · ·n, if h = 1, else g(i) = f(i),
for i = 0 · · ·n− 1, and g(n) = 12 .
Furthermore,
(n, f) + (m, g)(+,h) = (n+m, f + g)(+,h).
Multiplication begins with
(n, f) · 0 = 0,
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and
(n, f) · (m, g)(+,h) = (n, f) · (m, g) + (n, f) · (1, h).
In this case there are two approaches that could be done which is consistent
with the axiomatic fuzzy group theory, one of them is the infimum of {f, h}.
This approach will give rise to a new fuzzy number theory. Finally, for
exponentiation, based on
(n, f)0 = (1, f(0)),
one could compute
(n, f)(m,g)
(+,h)
= (n, f)(m,g) · (n, inf(f, h)).
Clearly, addition satisfies associativity and commutativity. The arithmetic
of numbers are also instances of the arithmetic of fuzzy numbers.
4. OPEN PROBLEMS
One could try to derive which other properties of ordinal arithmetic are
satisfied (and if not to give counter examples) or to formulate the fuzzy
rationals and fuzzy reals. One other problem is to try to place this fuzzy
arithmetic in an axiomatic ZF frame. Another more advanced open problem
is to consider fuzzy ordinals.
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